Introduction
The seat belt is widely regarded to be the most important piece of safety equipment in a vehicle. When used, safety belts are approximately 45% effective at preventing fatal injuries and 67% effective at preventing serious injuries ͓1͔. Despite this impressive safety record, belt system performance is being continually refined. Recent papers have discussed the development of four-point harnesses for use in production vehicles ͓2,3͔, and devices such as pretensioners and belt load limiters ͓4͔ are becoming common features in contemporary vehicles. A pretensioner is usually pyrotechnic. The deceleration characteristic of the vehicle triggers a charge that winds several centimeters of belt around its storage spool, thereby removing slack in the system, generating a decelerating force on the occupant, and reducing the response time of the belt. Load-limiters typically involve an element within the belt retractor that yields when a predetermined belt tension level is reached. This tension may range from 2 -6 kN.
These refinements have been shown to enhance belt performance both in the laboratory and on the road ͓5-11͔. Continued improvement may be possible by implementing active control as an integral part of the restraint system. Steps have been taken to develop active systems ͑sometimes referred to as "smart" restraints͒ that adapt based on various inputs. For example, dualstage pretensioners may modulate the magnitude of belt retraction based on the severity of the collision. Other "smart" aspects of restraint systems have been discussed in ͓4,12-16͔. It appears, however, that the analytical foundation for active control of the restraining force has never been formulated. A purpose of this paper is to develop such a foundation using a limiting performance analysis to identify the theoretically optimal restraint characteristics.
We propose a concept of continuous control of the restraint force by moving the point of attachment of the restraint system to the vehicle or retracting and releasing the seat belts. The control design involves the limiting performance analysis of the isolation of an occupant from the crash impact and the formation of a feedback to sustain the open-loop control law that provides the limiting performance.
The limiting performance analysis requires a mathematical model of the response of the object to be protected ͑an occupant͒ to a crash deceleration pulse. The restraint force is regarded as an abstract control variable to be identified by solving an optimal control problem for the previously mentioned model. The specific design characteristics of the restraint system are not important for the limiting performance analysis and are not taken into account. The optimal control problem is stated for a certain performance index to be minimized. As a rule, the behavior of the system is characterized by several performance criteria and the criteria different from the performance index are subjected to constraints. An important performance criterion, which is always considered when dealing with shock/impact isolation, is the displacement of the object to be protected ͑an automobile occupant in the case under consideration͒ relative to the base ͑a vehicle͒. This criterion characterizes the space necessary between the object and the base to provide the isolation quality that prevents the occupant from death or severe injuries in the case of a crash. Very often this criterion is utilized as the performance index. The other criteria are biomechanical characteristics that measure the severity of the injuries. These criteria should lie below threshold limits. The limiting performance analysis yields the absolute minimum of the performance index and the corresponding open-loop optimal control, which subsequently can be utilized as the reference control to be sustained by a feedback.
The difference between the performance index value provided by a specific shock isolation system and the absolute minimum indicates a success or failure of the design of this system. For further details of the limiting performance philosophy and techniques, see ͓17,18͔. In the present paper, we perform the limiting performance analysis for the human thorax injury model developed in ͓19͔. This model has been utilized often for the analysis of the response of the thorax of a car occupant to a frontal crash deceleration pulse. At the outset, we fix some basic ideas for a simplified single-degree-of-freedom model.
To provide the impact isolation limiting performance by means of standard restraint facilities, we propose to control the tension of the seat belt by moving the point of attachment of the seat belt to the vehicle or by retracting and releasing the belt. The law of motion of the attachment point is determined so as to fit the force transmitted to the occupant by the seat belt to the optimal control force. The control of motion of the attachment point can be designed as a feedback relating the velocity of the attachment point to the difference between the current value of the control force and the reference optimal value. This approach is close to the indirect optimization proposed in ͓17͔. The indirect optimization involves the identification of parameters of a feedback control law defined as a prescribed function of the phase coordinates of the system. The time histories of the phase coordinates corresponding to the optimal motion are substituted into the feedback law and then the unknown parameters are identified to approximate the optimal control force time history by the function of time resulting from this substitution. In general, the indirect optimization method does not enable one to achieve complete agreement of the motion of the system controlled by the feedback with the optimal motion characteristics of the limiting performance. This follows because the number of parameters to be identified is finite, whereas the number of points at which the reference control law should coincide with the control law to be synthesized is infinite. In the approach proposed in the present paper, the parameter to be identified is chosen to be the coordinate of the point of attachment of the restraint system to the vehicle. This coordinate changes continuously in time, which enables one to provide complete agreement of the system motion corresponding to the synthesized control law with that of the limiting performance, if both the motions start from the same state. In the case of a deviation of the actual motion from the reference ͑optimal͒ one the feedback compensates for this deviation.
Recently, a paper was published in which a continuous feedback control of a vehicle occupant's restraint system is proposed ͓20͔. Control loops for seat belts and an airbag are designed to trace the deceleration laws prescribed for the center of mass of the chest and the center of mass of the head of the occupant. The seatbelts are proposed to be controlled by moving an attachment point of the seat belt system to the vehicle. In contrast to our approach, the differences between the desired and current accelerations of the chest and the head are fed back to the controller in the study of ͓20͔. This requires sensors to measure these accelerations. In our approach, the difference between the current and reference restraint forces is fed back to the controller, which can be simpler, since the force due to the seat belts depends on the seat belt tension, which can be effectively measured. In addition, in our approach, an optimal control problem is solved to calculate the reference control force.
2 Basic Concept of Restraint Force Control 2.1 Model Description. We will illustrate the basic concept for a single-degree-of-freedom system. Consider a moving base to which an object to be protected is attached by means of an isolator. The motion of the object relative to the base is governed by the equation
where x is the displacement of the object relative to the base, m is the mass of the object, −a is the absolute acceleration of the base, and u is the control force generated by the isolator between the base and the object. The time history of the variable a is considered as the disturbance applied to the base as a result of an impact against a fixed or moving obstacle. In this simple illustration, we will characterize the quality of the isolation system by the peak magnitude of the relative displacement of the object
and the peak magnitude of the force transmitted to the object by the isolator
Our goal will be to design an isolation system so as to minimize the peak excursion of the object, provided that the control force does not exceed a prescribed value u * , i.e.
͉u͉ ഛ u * ͑4͒
Let the base moving at a velocity v 0 be subjected to an instantaneous impact as a result of which the base comes to an instantaneous stop, and do not let the object move relative to the base until the impact occurs. In this case, the relative motion of the object after the impact is governed by the differential equation
subjected to the initial conditions
We assume that the impact velocity may not be known precisely but is bounded by a prescribed value v * , i.e.
It is convenient to introduce the dimensionless variables
The change of variables of Eq. ͑8͒ applied to Eqs. ͑4͒-͑7͒ leads to the relations of the same form but with m =1, v * = 1, and u * =1. In what follows in this section, we will utilize the dimensionless variables, with the primes dropped.
Limiting Performance.
The limiting performance analysis for this case shows that the absolute minimum of the object's excursion is defined by
and is provided by the constant control force u = 1 decelerating the motion of the object relative to the base on the time interval 0 
The deceleration of motion of the object relative to the base under this control is characterized by the relations
2.3 Passive Linear Elastic Isolator. Let the isolator have elastic properties similar to those of a spring. Let the point of the spring that is not connected to the object be rigidly fixed to the base. The control force is then u = kx, where k is the spring stiffness and the coordinate x = 0 corresponds to the unstrained spring. In this case, the minimum excursion of the object is defined by
A comparison of Eqs. ͑9͒ and ͑11͒ indicates that the protection quality provided by the limiting performance is twice as good as that of an optimally designed spring isolator.
Linear Elastic Isolator With Controlled Tension.
A tension control system ͑tension controller͒ can substantially improve the protection quality of a linear elastic isolator. The basic idea of the tension control system developed in the present paper is to make the point of attachment of the isolator to the base movable and controllable rather than rigidly fixed. By controlling the motion of the attachment point, one can regulate the strain of the isolator and, hence, the elastic force so as to make the protection quality close to the limiting performance. Let us illustrate this idea for a spring isolator. By moving the point of attachment of the spring to the base, we can stretch the spring by the length 1 / k to make the spring force acting on the object equal to 1. After the impact, the tension controller should keep the spring deformation equal to 1 / k until the object comes to a complete stop. In this case, the maximum excursion of the object will coincide with that characteristic of the limiting performance. The motion of the point of attachment of the spring to the base during the object's deceleration after the impact replicates the motion of the object relative to the base ͑Eq. ͑10͒͒ with a shift by the pre-strain length, i.e.
where X is the coordinate that measures the displacement of the spring attachment point relative to the base. In the general case, the control force u created by the spring with a controlled point of attachment is defined by
Such an approach can be applied to more complicated isolators with nonlinear elastic and dissipative properties, not only to a simple spring. This idea is attractive because its implementation does not require changes in the isolation system design. Moreover, the tension controller can be flexibly adjusted to compensate for imperfections that are accumulated in the isolation system as a result of its long-term utilization.
Sensitivity Analysis of the Open-Loop Control of the Attachment Point.
Let us assume that we have calculated the law of motion of Eq. ͑13͒ of the attachment point for a specific ͑nomi-nal͒ impact velocity. Let this nominal velocity be identified with the maximum allowable velocity v 0 = 1. If the actual impact velocity is different from the nominal one, the motion of the object relative to the base x͑t͒ will be different from the optimal motion of Eq. ͑10͒. The motion of the object in the case under consideration is governed by the differential equation with initial conditions
To derive this differential equation, one should substitute the expression of Eq. ͑14͒ for u into Eq. ͑5͒ and replace X by the function X͑t͒ of Eq. ͑13͒ with v 0 = 1. Solve the initial value problem of Eq. ͑15͒ to obtain
͑17͒
It is apparent from these relations that if the actual impact velocity coincides with the nominal one ͑i.e., v 0 =1͒, the function x͑t͒ of Eq. ͑16͒ coincides with that of Eq. ͑10͒ and the control force is constant and equal to 1. Equation ͑16͒ implies that the forward displacement of the object to be protected remains bounded for any positive k and any v 0 ഛ 1. On the other hand, it follows from Eq. ͑17͒ that the control force magnitude can greatly exceed the maximum allowable value ͑u =1͒ if k is large enough and v 0 Ͻ 1. Hence, the open-loop control of the spring attachment point in accordance with Eq. ͑13͒ can be rather sensitive to the difference between the actual and nominal values of the impact velocity in terms of the force transmitted to the object to be protected. Note, however, that if the spring is soft, the open-loop control of Eq. ͑13͒ becomes insensitive to the difference between the actual and nominal values of the impact velocity. Moreover, in this case, this control law virtually provides the limiting performance of the system for any v 0 . To prove this, we pass to the limit on the right-hand sides of Eqs. ͑16͒ and ͑17͒ as k → 0 to obtain
which coincides with the optimal law of motion of Eq. ͑10͒. These data correspond reasonably to those of the model governing the behavior of a motor vehicle occupant's restraint system utilized for the prevention of thoracic injuries in the case of a frontal crash ͓19͔. In terms of a single-degree-of-freedom model under consideration, the base can be identified with the vehicle, the object to be protected with the thorax of the occupant, and the spring with the occupant's restraint. The stiffness coefficient k has a dimension of force per unit length. The transition to the dimensionless variables in accordance with Eq. ͑8͒ implies that the force is measured in units of u * and the length in units of mv * 2 / u * and, hence, the stiffness coefficient should be measured in units of u * 2 / ͑mv * 2 ͒. Therefore, to obtain the dimensionless stiffness coefficient k that occurs in Eqs. ͑15͒-͑17͒, one should multiply the value of k in Eq. ͑19͒ by mv * 2 / u * 2 . This yields k = 50. In this case, the maximum of the control force calculated in accordance with Eq. ͑17͒ is given by 1 + 7.1͑1−v 0 ͒. Let v 0 = 0.9, which corresponds to a 10% difference of the actual impact velocity from its nominal value. In this case, the maximum force transmitted to the object to be protected is 1.71, which exceeds the maximum allowable value by more than 70%. Of course, such an excess of the transmitted force is unacceptable.
where u is the current control force ͑the spring tension͒ and ␣ is the feedback gain, which should be taken to be reasonably large. To simulate the behavior of the system under such a control law, one should add Eq. ͑20͒ to Eq. ͑5͒ and substitute the expression of Eq. ͑14͒ for u. This results in the system of equations
This system should be subjected to the initial conditions
The first two conditions coincide with those of Eq. ͑6͒ and the third condition indicates that the spring has not been prestrained before the impact. By solving the initial value problem of Eqs. ͑21͒ and ͑22͒ and then calculating the control force using Eq. ͑14͒, we obtain
where 1 and 2 are the characteristic numbers of the system of Eq. ͑21͒, defined by
For large ␣, the control law of Eq. ͑23͒ can be approximated by
͑25͒
The right-hand side of this relation involves two decaying exponentials with substantially different time constants. The characteristic time of decay of the exponential e −t/␣ is measured by ␣ and, hence, this exponential decays rather slowly for large ␣. The characteristic time of decay of the exponential e −k␣t is measured by 1/͑k␣͒ and, therefore, this term decays very rapidly. As a result, the control force very quickly ͑during the time ϳ1/͑k␣͒͒ reaches the nominal value ͑u Ϸ 1͒ and remains virtually on this level for an extended time. If ␣ ӷ 1, the object to be protected will be decelerated with the nearly constant force u Ϸ 1 until it comes to a complete stop.
The implementation of the control law of Eq. ͑20͒ is not associated with the solution of a system of differential equations if we can measure the current tensile force of the spring. Having measured u, we can calculate the velocity of the attachment point to be provided by the control system to compensate for the deviation of the actual control force from the desired value u =1.
Limiting Performance Analysis for the Prevention of Thoracic Injuries in a Frontal Car Crash
3.1 Thoracic Injury Model and Criteria. The dynamics of the human thorax under impact can be described using the mechanical model shown in Fig. 1 ͓19͔. In the model, mass m 1 represents the effective mass of the sternum and a portion of the rib structure and thoracic contents. Mass m 2 represents the remaining portion of the thorax and the part of the total body mass that is coupled to the thorax by the vertebral column. The elements coupling masses m 1 and m 2 represent the elasticity and viscous damping of the rib cage and thoracic viscera. Masses m 1 and m 2 are connected directly by a spring that represents the effective elasticity of the rib cage and directly coupled viscera such as the heart. The dashpot connecting the two masses represents thoracic damping derived, for example, from air in the lungs and blood in the thoracic vasculature, both of which flow during impact. The corresponding spring and damping forces, f͑x 2 − x 1 ͒ and h͑ẋ 2 − ẋ 1 ͒, respectively, were optimized as piecewise linear during the initial model development. Viscoelastic structural elements ͓21͔, such as might be present in thoracic muscular tissue, for example, are represented by the series combination of spring ͑k 2 ͒ and dashpot ͑c 2 ͒. The action of a restraint system on the thorax is represented by a control force u͑t͒ between mass m 1 and the vehicle. The variables x v , x 1 , x 2 , and x 3 represent the displacements with respect to an inertial reference frame ͑absolute displacements͒ of the vehicle, mass m 1 , mass m 2 , and mass m 3 , respectively. The magnitude of the mass m 3 is equal to zero. The limiting performance of the seat belt force is investigated based on this model.
To measure thoracic injuries, the following injury criteria will be employed ͓22͔: ͑a͒ the maximum chest compression; ͑b͒ the maximum chest acceleration; ͑c͒ the maximum rate of chest compression; and ͑d͒ the maximum chest viscous response, which is the instantaneous product of chest compression and the rate of chest compression and, therefore, characterizes the rate sensitivity of the injury threshold.
Statement of the Problem.
In accordance with the model described above, the motion of the car and the occupant is governed by the equations
with the initial conditions
where v 0 is the initial velocity ͑impact velocity͒ and a͑t͒ is the crash deceleration pulse of the vehicle. We will approximate the crash deceleration as a half-sine pulse
where T p is the duration of the pulse, and
The integral of the function a͑t͒ over the time T p is equal to the impact velocity v 0 . The spring force f is a piecewise linear function of the compression deformation of the chest, 
where the relative displacement x 2 − x 1 represents the compression deformation of the chest, k 11 and k 12 are the stiffness coefficients for a moderately compressed and a strongly compressed thorax, respectively, ␦ 0 is a critical value of the chest compression at which the thorax changes stiffness, and
The damping force h is a piecewise linear function of the rate of the chest compression deformation,
where c 11 and c 12 are the damping coefficients of the thorax when being compressed and when the shape is being restored, respectively, and k 2 and c 2 are the stiffness and damping coefficients, respectively, of the spring and damper connected in series.
For the limiting performance analysis, the maximum excursion of the occupant in the vehicle in response to the crash deceleration will be taken as the performance index to be minimized. This criterion measures the safety space necessary for the occupant, i.e., the distance between the occupant and interior components of the vehicle. In the context of shock isolation theory, this space is sometimes defined as the rattlespace. The injury criteria ͑the maximum chest compression, the maximum chest acceleration, the maximum rate of chest compression, and the maximum chest viscous response͒ are constrained to remain below prescribed threshold values. In this case, the limiting performance analysis involves the solution of the following optimization problem.
Problem 1.
For the system of Eq. ͑26͒ subjected to the conditions of Eq. ͑27͒, find an optimal control force u 0 ͑t͒ such that
where
and D i ͑i =2,3,4,5͒ are the maximum allowable values ͑threshold values͒ of the corresponding system performance criteria. The performance criterion J 1 represents the maximum excursion of the occupant in the vehicle, J 2 the maximum chest compression, J 3 the maximum chest acceleration, since m 2 comprises almost the total mass of the thorax, J 4 the maximum rate of chest compression, and J 5 the maximum chest viscous response.
The parameters of the thoracic injury model are identified as ͓19͔ 
͑37͒
We will solve the problem for an impact velocity of 48 km/ h, which represents the US government's frontal impact safety standard test ͑FMVSS 208͒, and pulse durations of 0.08, 0.1, and 0.12 s.
Solution
Plan. An Auxiliary Problem. In Problem 1, the control u͑t͒ to be found is not subjected to constraints, which can complicate the numerical solution of this problem. This can be addressed by transforming the equations of motion ͑Eq. ͑26͒͒ and formulating an auxiliary problem for a new constrained control ͓18͔. Denote by W the force applied to mass m 2
For m 3 = 0, the system of Eq. ͑26͒ becomes
Introduce the notation
to represent Eq. ͑40͒ in the form
The initial conditions of Eq. ͑27͒ imply
The performance criteria of Eq. ͑35͒ are expressed in terms of the new variables as follows
3.3.1 Problem 2. For the system of Eq. ͑42͒ subjected to the conditions of Eq. ͑43͒, find an optimal control w 0 ͑t͒ to provide a minimum
under the constraints
The total order of the system of governing differential equations in Problem 2 is reduced by 1 as compared with that of Problem 1. In addition, the control variable w in Problem 2 is constrained, since the criterion J 3 of Eq. ͑44͒ is constrained, while the control variable u in Problem 1 is unconstrained and, as is indicated by calculations, can assume rather large values on some time intervals. These facts make Problem 2 easier for a numerical solution, as compared with Problem 1.
Having solved Problem 2, one can readily calculate the optimal control force u 0 ͑t͒ for Problem 1. To that end, one should express x 1 ͑t͒ = x 2 ͑t͒ − ͑t͒ in accordance with Eq. ͑41͒ and substitute this expression and W = m 2 w 0 ͑t͒ into Eq. ͑39͒. This yields
In the last relation, the functions x 2 ͑t͒ and ͑t͒ have been obtained by solving Problem 2. To solve Problem 2 we utilized the nonlinear programming technique. To that end, we approximated the continuous control function w͑t͒ by a piecewise constant function defined on a discretized time interval. These discrete values of the control function were utilized as the design variables.
For further details of the reduction of the optimal control problem associated with the limiting performance analysis of shock isolation systems to linear or nonlinear programming, see ͓18͔. Figure 2 presents the results of the solution of Problem 1 depending on the duration of the sinusoidal deceleration pulse for a given impact velocity ͑v 0 =48 km/h͒. This figure shows time histories of the optimal control force ͑u 0 ͑t͒͒, the chest compression ͑x 2 ͑t͒ − x 1 ͑t͒͒, the chest acceleration ͑ẍ 2 ͑t͒͒, the rate of the chest compression ͑ẋ 2 ͑t͒ − ẋ 1 ͑t͒͒, the chest viscous response ͓͑ẋ 2 ͑t͒ − ẋ 1 ͑t͔͓͒x 2 ͑t͒ − x 1 ͑t͔͒͒, and the occupant excursion ͑x 1 ͑t͒ − x v ͑t͒͒ for T p = 0.08, 0.1, and 0.12 s. The corresponding half-sine pulses are shown in Fig. 3 . The curves of Fig.  2 indicate that from all injury criteria subjected to constraints, only the chest compression reaches its limiting value, while the other criteria remain below their upper bounds. The behavior of the control force and all criteria, apart from the occupant excursion, during the occupant deceleration interval depends little on the pulse duration for 0.08 s ഛ T p ഛ 0.12 s. By the deceleration interval we understand the time from the impact until the thorax excursion ͑the quantity x 1 − x v ͒ reaches a maximum. The occupant excursion increases as the deceleration pulse decreases. This increase is about 130% as T p decreases from 0.12 to 0.08 s. The motion of the occupant's thorax occurs almost at a constant control force on a substantial segment of the deceleration interval ͑approximately from t =60 ms to t = 145 ms͒. On this time segment, the chest compression rate is equal to zero and, hence, the distance between masses m 1 and m 2 of the model shown in Fig. 1 does not change. Therefore, the thorax moves as a rigid body in which, however, internal forces act. The transient process on the time interval 0 ഛ t ഛ 60 ms is accounted for by the deformation ͑elastic and viscous͒ properties of the thorax model. If the thorax had been modeled by a rigid body, the optimal deceleration of the thorax for v 0 = 48 km/ h and 0.08 s ഛ T p ഛ 0.12 s would have been provided by a constant force. This follows from the solution of the corresponding optimal control problem for a lumped mass subjected to a half-sine shock pulse ͓18͔. For the rigid body model, the chest compression should be replaced by the quantity m 2 ͉ẍ͉ / k 11 , if m 2 ͉ẍ͉ ഛ k 11 ␦ 0 , or m 2 ͉ẍ͉ / k 12 + ͑k 12 − k 11 ͒␦ / k 12 , if m 2 ͉ẍ͉ Ͼ k 11 ␦ 0 , where x is the displacement of the thorax ͑a rigid body͒.
Numerical Results.
These expressions follow from Eq. ͑30͒, which relates the elastic force acting between the front and rear thorax portions to the chest compression.
The limiting performance analysis for the thoracic injury model close to that of Fig. 1 but without spring k 2 and dashpot c 2 was solved in ͓23͔.
Feedback Control of the Elastic Restraint Force on the Basis of the Two-Mass Thorax Injury Model

Determination of the Optimal Motion of the Restraint
Attachment Point. In Sec. 2, a concept of a feedback tension controller for an elastic shock isolator was stated and illustrated for a single-degree-of-freedom model. This concept involves the control of motion of some point of the isolator relative to the base so as to keep the control force created by the elastic isolator close to the force providing the absolute minimum for the performance index of the isolation. The controlled point was referred to as the point of attachment ͑attachment point͒ of the isolator to the base, which was justified with reference to a spring by which the isolator was modeled. In this section, we will apply this concept to a two-mass mechanical system that models the thorax response to an impact and is depicted in Fig. 1 .
We will associate the base with a motor vehicle and the isolator with the occupant restraint facilities ͑e.g., seat belts͒. As was the case in Sec. 2, we will model the restraint system by a linear spring one end of which is attached to the occupant's sternum and the other end is attached to the output link of the actuator of the controller. In this case, the force u acting on the sternum can be represented as
where x 1 is the absolute displacement of the sternum, X is the coordinate ͑measured relative to the inertial reference frame͒ of the point of attachment of the spring to the vehicle, and k is the coefficient of stiffness of the spring. The coordinates x 1 and X are introduced so that the spring is unstrained for x 1 = X and, hence, the force acting on the occupant is zero. By moving the attachment point, we can make the protection quality provided by an elastic restraint modeled by the spring coincide with that of the limiting performance. To calculate the corresponding law of motion of the attachment point, substitute u = u 0 ͑t͒ and x 1 = x 1 0 ͑t͒, where u 0 ͑t͒ is the optimal control that resulted from the solution of Problem 1 of Sec. 3 and x 1 0 ͑t͒ is the corresponding law of motion of the sternum, into Eq. ͑48͒ and then solve the resulting relation for X. Thus, we obtain
The last relation is an analog of Eq. ͑13͒ obtained in Sec. 2 for the single-degree-of-freedom model. Figure 4 plots the functions X͑t͒ − x v ͑t͒, which defines the motion of the attachment point relative to the vehicle, for the limiting performance behavior shown in Fig. 2 . The spring stiffness coefficient is identified as k =10 5 N / m, which reasonably characterizes the magnitude of the stiffness coefficient of standard car seat belts. The solid, dashed, and dotted curves correspond to different durations of the halfsine deceleration pulse ͑T p = 0.08, 0.1, and 0.12 s, respectively͒ for the same impact velocity ͑v 0 =48 km/h͒.
Sensitivity Analysis.
Assume that we have calculated the motion of the spring attachment point for some nominal deceleration pulse but the actual deceleration pulse is different from the nominal one. In this case, the actual behavior of the system will differ from the limiting performance behavior. To establish the amount of this difference, a sensitivity analysis is needed. We will investigate the sensitivity with respect to the change in the deceleration pulse duration for a fixed impact velocity. As was the case previously, we will consider half-sine deceleration pulses of durations T p = 0.08, 0.1, and 0.12 s for the impact velocity v 0 = 48 km/ h. Let T p = 0.08 s be the nominal duration. We apply the attachment point law of motion X͑t͒ of Eq. ͑49͒ designed for T p = 0.08 s to the system decelerated by the pulses of other durations and plot the time histories of the occupant excursion and the injury criteria. The time histories of the occupant's excursion and Fig. 5 . The other injury criteria turn out to lie within the limits prescribed by the constraints of Eq. ͑37͒ for all trial pulse durations, and we choose not to present the time histories of these criteria in the paper. Figure 5 demonstrates that the chest compression is rather sensitive to the mismatch between the nominal pulse duration, for which the law of motion of the attachment point has been designed, and the actual pulse duration. An increase in the pulse duration as compared with the nominal value leads to a great increase in the chest compression. A 25% increase in the pulse duration corresponds to a 115% increase in the chest compression and a 50% increase in the pulse duration leads to a 156% increase in the chest compression. Such a high sensitivity follows primarily from high stiffness of the spring ͑restraint system͒, as was the case in Sec. 2 for a singledegree-of-freedom system. The occupant's excursion is much less sensitive to a change in the pulse duration. The increase in this characteristic does not exceed 10% as the variation in the pulse duration is 50%. The sensitivity analysis indicates that open-loop control of motion of the attachment point in accordance with Eq. ͑49͒ is practically inapplicable and that a feedback control is needed.
Feedback
Control of the Restraint Force. Consider again Fig. 2 that represents the limiting performance of the system. This figure indicates a low sensitivity of the time history of the optimal control u 0 ͑t͒ and the constrained injury criteria to the changes in the duration of the crash deceleration pulse. This suggests that to avoid high sensitivity of the constrained injury criteria ͑especially the chest compression͒ to the change in the pulse duration, it is necessary to organize a feedback in the control circuit of the restraint system attachment point that would sustain the nominal time history of the control force acting on the occupant. We propose the feedback in the form
where u is the current control force, u 0 ͑t͒ is the nominal control force time history to be followed, and ␣ is a feedback gain. Equation ͑50͒ is an analog of Eq. ͑20͒ that defines the feedback control of the attachment point of the spring in a single-degree-offreedom system considered in Sec. 2. To simulate the behavior of the thorax model with the restraint system attachment point controlled in accordance with the law of Eq. ͑50͒, it is necessary to substitute the expression of Eq. ͑48͒ for u into Eq. ͑50͒, augment the system of Eq. ͑26͒ with the resulting relation, and solve the augmented system subjected to the initial conditions
The initial conditions of Eq. ͑51͒ are obtained from those of Eq. ͑27͒ by eliminating the condition ẋ 3 ͑0͒ = v 0 and adding the condition X͑0͒ = 0. The condition ẋ 3 ͑0͒ = v 0 has been eliminated because we set m 3 = 0 in the thorax injury model, following ͓19͔, which implies a reduction in the order of the system of differential equations by 1. The condition X͑0͒ = 0 indicates that before the impact the restraint system attachment point has been in its home position and that the spring has been unstrained. We have simulated the behavior of the system under the control of Eq. ͑50͒ with ␣ = 1 s / kg. The optimal control u 0 ͑t͒ corresponding to T p = 80 ms was chosen as the nominal ͑reference͒ control. The simulation demonstrates that the behavior of the system controlled by such a feedback corresponds to the limiting performance with a high degree of accuracy. Fig. 2 that the optimal control force u 0 ͑t͒ is constant on a substantial portion of the occupant deceleration interval. In view of this, it is of interest to investigate the behavior of the system subjected to the constant force control u͑t͒ϵU, where U coincides with the magnitude of the optimal control force on the interval of constancy. For the numerical values of the parameters of the injury model and the impact deceleration pulse adopted for the simulation, we have U Ϸ 1500 N. The simulation shows that the replacement of the optimal control by the constant force control leads to an 11%, 22%, and 30% increase in the peak occupant's excursion for T p = 0.08, 0.1, and 0.12 s, respectively. The chest compression reaches its upper bound, and the other injury criteria remain below the upper limits prescribed by the constraints. Taking into account the fact that on the interval of constancy of the force in the optimal control law the chest compression is constant and reaches the upper bound, one can calculate the value of U without solving an optimization problem. The constant value of the control force is defined by U = f͑D 2 ͒, where f is the elastic characteristic of the thorax ͑Eq. ͑30͒͒ and D 2 is the maximum value allowed for the chest compression. If an increase in the occupant excursion due to the replacement of the optimal control by the constant force control law is acceptable, the constant force control can be recommended for practical application. To sustain the constant tension of the restraint system by means of control of the point of attachment of the restraint system to the vehicle one can utilize the feedback of Eq. ͑50͒, with u 0 ͑t͒ replaced by U.
Constant Force Control. It is apparent from
Conclusions
The control concept proposed in this paper for elastic restraint systems is intended to be useful for the design of active controllers for automobile seat belts to improve their efficiency in crash situations. For example, the belt systems can be equipped with controllers that can regulate the seat belt retraction process so as to provide the optimal ͑or near optimal͒ time history of the decelerating force exerted on the occupant. The reference optimal control law should be calculated in advance as the solution of the limiting performance problem for the isolation of the occupant from the crash pulse. The optimal control law depends on the occupant's characteristics, the impact velocity, and the crash deceleration pulse shapes. Such control laws can be calculated for ranges of the occupant's mass and impact velocities and incorporated in the controller software. The occupant's parameters can be entered in the on-board computer memory by the occupant himself/herself, and some can be sensed passively. This is the case, for example, for the crash deceleration profile that is already measured by a standard air bag sensing system. Therefore, the reference control providing the limiting performance of the restraint system can be made adjustable. To follow the reference control, a feedback is needed. The difference between the actual ͑current͒ control force and the reference control force multiplied by a gain factor can be fed back to the controller input to compensate for the deviation of the current control force from that corresponding to the limiting performance of the system. Since the control force is created by the tension of the restraint system, it is reasonable to equip the controller with sensors ͑i.e., strain gauges͒ to measure this tension directly. 
